The Ricci Calabi functional is a functional on the space of Kähler metrics of Fano manifolds. Its critical points are called generalized Kähler Einstein metrics. In this article, we show that the Hessian of the Ricci Calabi functional is nonnegative at generalized Kähler Einstein metrics. As its application, we give another proof of a Matsushima's type decomposition theorem for holomorphic vector fields, which was originally proved by Mabuchi. We also discuss a relation to the inverse Monge-Ampère flow developed recently by Collins-Hisamoto-Takahashi.
Introduction
In his paper [11] , Mabuchi extended the notion of Kähler Einstein metrics for Fano manifolds with non-vanishing Futaki invariant. In this paper, we call them generalized Kähler Einstein metrics. Let X be an n-dimensional Fano manifold and ω ∈ 2πc 1 (X) be a reference Kähler metric. We denote its volume X ω n by V . Let The main result of this paper is a development of the observation by Yao [17] . In fact, we show that generalized Kähler Einstein metrics are local minimums of the Ricci Calabi functional. To state results more precisely, we fix more notations. We denote the (negative) Laplacian of ω φ ∈ M(ω) by ∆ φ . Let us define
as an operator on C ∞ C (X). We define its complex conjugate operator by Lu := Lu. More precisely we have
We define a natural inner product on C ∞ C (X) by
Note that operators L and L and the inner product ·, · depend on a Kähler metric φ ∈ M(ω).
The followings are main results of this paper. Similar results for the Hessian formula and the non-negativity of the Hessian were observed for various functionals and its critical Kähler metrics. See for instance, [1, 16, 9] (for the Calabi functional and the extremal Kähler metric), [6] (for a Calabi's type functional and the perturbed extremal Kähler metric), [4] (for the He functional and the Kähler Ricci soliton) and [8] (for a Calabi's type functional and the f -extremal Kähler metric).
Let h(X) be the the Lie algebra of holomorphic vector fields on X. For any u ∈ C ∞ C (X), we define the gradient vector field grad φ u for a Kähler metric φ ∈ M(ω) by
As an application of Corollary 1.2, we give the following Matsushima's type decomposition theorem for h(X).
Theorem 1.3. Let X be a Fano manifolds admitting a generalized Kähler Einstein metric φ ∈ M(ω). Then the Lie algebra h(X) is, as a vector space, the direct sum
where
is the complexification of the Lie algebra of Killing vector fields on (X, ω φ ). In particular,
This theorem was originally proved by Mabuchi in [11, Theorem 4.1]. His proof heavily depends on Futaki-Mabuchi's theory [7] of the extremal Kähler vector field. Our proof is done by a simple linear algebraic argument based only on the commutativity of L and L.
Since Kähler Einstein metrics are trivial generalized Kähler Einstein metrics, Theorem 1.3 includes the following classical Matsushima's result [12] called the Matsushima's obstruction.
Corollary 1.4. Let X be a Fano manifolds admitting a Kähler Einstein metric. Then the holomorphic automorphism group of X is reductive.
The work of Yao [17] brings many interests to study about related topics of generalized Kähler Einstein metrics. See [13, 14] (for the modified Ding functional of toric Fano manifolds), [10] (for the modified Ding functional of general Fano manifolds), [15] (for relative GIT stabilities). In particular, Collins-Hisamoto-Takahashi [2] developed a geometric flow, called the inverse Monge-Ampère flow, whose self similar solutions are generalized Kähler Einstein metrics. In section 4, we discuss a relation between Corollary 1.2 and this flow.
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Variations of the Ricci Calabi functional
The Ricci Calabi functional can be written in terms of φ ∈ M(ω) as
First we compute the variation of the Ricci potential to obtain the first variation of the Ricci Calabi functional.
Lemma 2.1. For any φ ∈ M(ω) and any direction δφ ∈ T φ M(ω), we have
Proof. By taking the variation of the first equation in ( 1.1), we have δf φ = −∆ φ δφ − δφ + C for some constant C. The constant C is equals to 
Proof. By integrations by parts (see also ( 2.1) and ( 2.2) in Lemma 2.3), note that
We then have
Similarly we have δE RC (δφ) = 2 L(e f φ ), δφ . ✷
The followings are fundamental properties for operators L andL. Proof. The operator u → ∆ φ u + ∂u, ∂f φ can be seen as a (nagative) Laplacian with respect to a weighted inner product u, v f := X uve f φ ω φ on C ∞ C (X), and the operator u → ∆ φ u + ∂u, ∂f φ is its complex conjugate. Indeed we have
It follows that L and L are self-adjoint operators with respect to ·, · . 
Thus the first eigenvalue of the operator u → −∆ φ u − ∂u, ∂f φ is greater than or equal to 1. It follows that L and L are non-negative operators with respect to ·, · . ✷
The following lemma is crucial for Theorem 1.1.
Lemma 2.4. There is an vector space isomorphism:
In particular, the isomorphism is given by taking the gradient u → grad φ u.
Proof. By definition of L, the space { u ∈ C ∞ C (X) | Lu = 0 } /C can be identified with We now prove Theorem 1.1. Proof of Theorem 1.1. We compute the variation (δL)(e f φ ) at a generalized Kähler
Einstein metric φ ∈ M(ω) to obtain the Hessian
where δ 1 means the variation along δφ 1 ∈ T φ M(ω). Since ω φ = ω+ √ −1∂∂φ is generalized Kähler Einstein, Z := grad φ e f φ is holomorphic. By Lemma 2.4, e f φ is in the Kernel of L for the Kähler metric ω φ . Note that Z can be also written by grad φ+tδφ (e f φ + tZ(δφ)) for any small t ∈ (−ε, ε), since it is easy to see that
Thus, by Lemma 2.4 again, a perturbation e f φ + tZ(δφ) is in the Kernel of L for the Kähler metric ω φ + t √ −1∂∂δφ. When we denote the operator L for the Kähler metric
we thus have
Taking derivative at t = 0, we have
Therefore we obtain
Similarly we have δ(L(e f φ )) = LL(δφ). This completes the proof. We now prove Theorem 1.3 by only applying the commutativity of L and L. Proof of Theorem 1.3. Since operators L and L are commutative by Corollary 1.2, we see that L ∈ End(Ker L). Let E λ be the λ-eigenspace of L| Ker L . Note that λ ≥ 0, since the operator L is non-negarive. Let us take any u ∈ E λ . Since E λ ⊂ Ker L, we have grad φ u ∈ h(X). We also have
where {·, ·} is the Poisson bracket defined by {u, v} = (grad φ v)u − (grad φ u)v. It is well-known that the map u → −grad φ u is a complex Lie algebra homomorphism from
Let h λ (X) := grad φ (E λ ). Since by Lemma 2.4, every holomorphic vector field on X can be written as grad φ u for a function u ∈ Ker L unique up to additive constant, we then have a decomposition
By the above computation, we see that each h λ (X) is the λ-eigenspae of the action of −ad(grad φ e f φ ).
Since E 0 = Ker L ∩ Ker L, if u ∈ E 0 , then both the real part and the imaginary part of u are in E 0 . It follows that 
